
 
Introduction

The theory of motives is an attempt to formulate a universal Weilcohomology theory for
projective varieties recall a Weil cohomology theory is a contravariantfunctor from Smpmju
to F Ved chewE o satisfying the usual Kiinneth formula cap product Hard Lefschetzetc
This is to some extent successful butmany hand foundational questions remain

On the other hand a more recent development is the theory of derived categories of
sheaves on projective varieties In many ways derived categories appear motivic in
nature Functions between them are induced by objects on the product just like
correspondences and they admit decompositions semiorthogonal decompositions which in many
cases looks like direct sum decompositions of motives More recent work has indicated
the possible existence of a deep relationship between derived categories and binational geometry

Motivated by this it is reasonable to think of Dbcx as a noncommutative algebraic

variety However there are technical reasonswhy one should avoid the setting of
triangulated categories so for us we will always work w some dyenhancement or
a enhancement the latterwith localizing invariants So then one should view an
arbitrary dycategory as a noncommutative algebraic variety The theory of noncommutative

motives is then to provide some universal invariant of dycategories

Let us now sketch the outline of the seminar
1 dy categories and derived categories of varieties
1 5 Review of puremotives
2 Noncommutative motives
3 Additive invariants

4 Localizing invariants

Lets try to provide some motivation for 1 To any quasicompactand separated
scheme X one can give a triangulated category Dbccohx DbanlQcchX which originally
was used to study vector bundles and such and theirrelation to the geometry of
This category is typically constructed in three steps First one passes to the category ofchain
complexes Cbccohx then tothe homotopy category by quotienting outthe morphisms homotopic to

iszero thenfinally one applies a localization process on Kccohx to invent quasiisomorphisms The resulting
category is called the bounded derived category of coherent sheaves Dbad As we alluded to earlier
this category appears to exhibit motivic behavior Forexample if XandY are smoothand
projective then a fullyfaithful triangulated functorOID's Dba is represented by an
object on the productthat is

In Rp je e ofFourierMukaitype
where EeDbcxxy and X E xxx y This puttmultiplypush bears a striking resemblance to
the morphisms correspondences in Mota However not all funders are ofthis type and to fix this
we pass to dycategories and for technicalreasons look at the category ofperfectobjects PerfxcDbud
consisting of bounded complexes of locallyfree sheaves

To any scheme as above we regard PerfX as a noncommutative algebraicvariety Morphisms between
noncommutative varieties are exactly the FourierMukaifunctors Then KoCPenfx plays the role of theChew
rig and there are socalled additive invariants which are the analog of Weilcohomology theories



Moreover these additive invariants turn certain decompositions of PenfXinto directsums and further
the similar question of if there is a universal invariant has an affirmative answer which is
one of our goals in this seminar

Finally there is no apriori reason why we stick to noncommutative varieties of theform
Perfx these comefrom commutative varieties after au and so we should actually work with
arbitrary dycategories

Differential Graded Categories

Let CCN be the category of chain complexes of Kvector spaces

Def A differential graded dg category is a category enriched over Cck A dyfunctor
is a functor enriched over and i e if I b B is a dyfunctor then for
allobjects edeA the morphism

Hunkd Ham Ela Eid
is a morphism in Uk

Of course a definition is useless without examples so let us give a handfulof them

Examples
1 Recall a dy kalgebra is a graded algebra A z A together with a differential i.e
a degree 1 morphism d A A whose square is zero and d satisfies the Leibnizrule
Then a simple rephrasing of this is to say that a dyalgebra A is the same
as a dycategory be with one object and HansC A

2 A left or right degmodule over a degalgebra A is a chain complex M equipped with
a chain map Axon M which satisfies dmcpca.us pdaav t lMapladmv and
pla.pcb.ir plab v Alternatively given the dycategory 8 with one object
and endomorphism algebra A a left right dymodule over A is a dyfunctor
A scdych for Cycle Hence more generally for an arbitrary dycategoryA we
can define the category of rightdymods over A as alldyfunctors topscdych
Given an object a of A there is a canonical dymodule given by
Hanif a Any degmodule isomorphic to such a functor is called representable

3 Uk the category ofcomplexes of kmodules is a dogcat Cayce in a natural
way Given two complexes MaN define

tlomcm.no It Harz.muMiNitn and dcf dnof CD fodmecus it

Here there is an obvious functor which sends objects to themselves and
sends Hom H Hom Wedenote the image ofthis functor by H Colgan
and this agrees with the classical homotopy category KCD
Similarly we can also define 2C7 applied to a dycategory by a new
identical rule Then in our example Z cycle CCD and so sometimes

Z D is called the underlying category of D



4Denote by dycatch the category of dogcategories and dogfactors This category has a
monoidal structure given bythe tensor product oftwo dogcategories

A B 0bCAB obcaxoblis smallcats
Huma a bi Caz.ba Humalaad Hombbd

In particular this allows us to speak of dybimodules Similar to the above a

dy AB bimodule is a functor b BOP Cayce

DefAdyfunctor F A B is called a quasiequivalence if
the morphism on Honialaai Han Few.FM is a quasiisomorphism
the induced functor Hoce 114A HTB is essentially surjective

We in particular are interested in dycategories up to quasiequivalence Hence ignoring
set theoretic issues we denote by Holdgcatchi the Gabriel zisman localization of
dgcatch along quasiequivalences However this category is badly behaved and difficult to
describe so we need a better description

Def Let M be a category with arbitrary limits and colimits A closed model structure

on M consists of the datum of three sets of morphisms in M the fibrations F the
cofibutionsC and the weak equivalences W satisfying
1 toy 4 2 in M W has a zoutof3 rule Cine saturated
2 If f g are morphisms in M suchthat f is a retractofg that is there is a
commutative diagram

A B A
It Is If
A B A

where the horizontal compositions are identities Then if getC or W so is f
3 Let f

A
id top
B H y

be a commutative square with iec pet Then if either forg are
in W then there is a morphism h B X making the triangles
commute
4Any morphism fix Y in M can be featured in two ways as f poi and
f qoj with pet ie Cnw QEFnw andje C

By definition the homotopy category of a model category Holm isthe localizationMLW
The existence of a model structure has rather significant implications for the localized
category Indeed two morphisms f g x Y are called homolopic if there exists
a diagram

i f
ai n thee b.fi 9hi.IxxiIxtIYeatisPiiEoi idxn i
j X g



Now the axioms of a model category are such that f is homotopictog in M then
f g in Holm further the image of p is an isomorphism and so are the
images of i and j
Example Ou CH there is a model structure given by
F surjective morphisms

injective morphisms
w quasi isomorphisms

Then it is known that HoCCW 2 Dcm the derived category of KMod

If b is a dycategory one can give a model structure on right t modules Ccb
where the weakequivalences are the quasiisomorphisms The resulting homotopy category is
denoted Dlb the derived categoryofA Notthe same as thedgderived category of a
dycategory

Theorem dycatch carries a cofibrantly generated model structure The weakequivalences are
the quasiequivalences and fibration are dyfunctors F b B smhthat
a morphisms Hanf c d Hangs FcaFeds are surjective
27 for each isomorphism Lg Fox FG in Holm there is an isomorphism HI y
with FCHI Lg

We call the resulting homotopy category Hge A model category with a zero object is
called a pointed model category

A so by our assumption on weakfactorization Objects whose uniquemapto zero is
c e e a fibration are called fibrant For example all objects in Cck are
W B fibrant The final object in dycat is the onepoint category whose
endomorphism complex is the zero complex Again everything is fibrunt

Take again CYD A w enough injectives abelian The weakequines cofibnations are the
same but we can ask fibrations to be injective degreewise with injective Ken
There is also a dual notion for C t w A enough projectives Then filament Ccofibrant
replacement is similar to injective projective resolutions

Dually

B
So we can replace every element of our category with something which
is fibrin and cofibrent C The lesson here is that model categories allow
one to workonly with good objects instead ofwith all ofC Holm

The Let NT bethe subcategory of bifibruntobjects in M Then NT w i Is MLW

Now if M has eproducts and AeAl we have a canonical map AHA A
A

calmThen as above we have a notion of homotopy



A
1 Lf Jf

y Hence MK nitwit
GILA B
i fA F

Def A modelcategory M is cofibrantly generated if 3 sets I J ofmorphisms in M s 1
2 All cofibrations are retreats of relative I complexes thatis a complex constructed

similarly to CWcomplexes a colin of iterated pushed
2 All acycliccofibrationswhich are weakequines one a of relative J complexes
3 I I satisfy a small objects argument don't worry about it

Ok so now lets get back on track and discuss the generating cofiboulions for
the model structure on dg.ca k We need to give two sets of morphisms I called
the generating cofibrations and J the generating trivial eofibnations

Defwe first definetwody kmodule's f chaincomplexof kmodules as follows
1 S KE n
2 Dn coneSenid sn

Now consider the categories ScnD andDcu as wellas the functor pen Scue Dcu
defined as follows

penSenn sDeny g i un Dn
n kQ O i iowns o o o
ni un d bs Dv v o u

uns d Il
O Un k n
n b d

o o
ii i

Then I pen luck u 0 k
emptydycat

Def Let acm kkk D u be the functor sending to o and to Now
widen

gitinted
HETTIE rie.im i ii.ri eHai4 i i

fo and dlfij O dir fjifij idi andderi fi ri rjfijG o r
f

Then J ExchInez u u K o

The reason for this last weird choice of functor in J is that one has a bijection
between dyfunctors K A A adycat and pains f e with f a morphism in248
and c a contracting homotopy of cone Hanst.fi Indeedgiven a dyfunctor K t
the image of fo belongs to Z b call it f

Now f x y induces F Huntx Hunt y of Yoneda dyb modules in Cdg t Then
cure I I QLD A contracting homotopy then must satisfy all the relations as in K
so some minor work proves the claim



Recallthat the homotopy category of dyeatla wr 1 this model structure was denoted Hqeck
for Homotopy w r1 quasiequivalences As we discussed there is a notion of eofbrunt replacement
toff A which is the identity on objects proof apparently requires the smallobjects argument

Given two dycategories A and B we define AQB byteof B When it is already cofibrant
or kflati.e alldykmodules Hanacxiaane kflat then there is a quasiequivalence A B Axons
If B is a dycategory a right dyB module MLB cyan is called quasirepresentable

if it is isomorphic in DCB to J Hunt y forsomeyeps

Def Given twodycats A and B we denote by replt.rs the full triangulated subcategory ofqeD tx B consisting of right dy t B modules M s1 tract Mla 1 is quasirepresentable

ThmToad Homage lb B Isorep b B where Iso means isomorphism classes
qe

There will be another model structure on dgeatchi which we willprefer but alreadythis
lets us do quite a bit and they will bebuilt from this one

Pretriangulated dycategories andenhancements
Lets take a moment andrecall our originalgoal If this is theory is to apply to commutative

algebraic geometry we should mention how exactly we take a projectivevarietyX to a
dycategory

So that we do not lose anything we should require that H D recovers X
in the sense that it should recover Dbcx really perf But this is a triangulated
category and it's certainly not the case that the homotopy category of a dycategory is
always triangulated What we require is some condition on D so that HKD is
triangulated

Def we say a dogcategory t is pretriangulated if the imageoftheYoneda functor 2Oct CCA
sending a Honestalia is stable under shifts and extensions That is for all abetand
nek and any f B A Correct Cornett and Bais BTS

For us its enoughto know that if it is pretriangulated then Holt has the structure of
a triangulated category Further given a dycategorybe there is a construction which returns

a pretriangulated category patron called the pretriangulated envelope To construct this one proceeds
roughly as follows
1 form 2cm the dy category whose objects are pairs a r aero rez and morphism spaces
are Hunzaka.ri.cb.si Home ab s N Very roughly we are endowing A with a shift
on suspension functor

2 Now define pretried to be thedycategory with objects finite sequences rs cxn.ru of objects in
21lb togetherwith matrices m cmD ofmorphisms mijeltmzcpccxj.ri.cxi.ro suchthat
mij o for izs strictlyuppertriangular and dcmi.it2 miamiO

Now morphisms in Hompneere taxiri M yj.sjs.NL are given by matrices f fi
w fijeHamas cxj.rjl.cyi.si The differential of a homogeneous morphism is

def da f t Nf CITfar
termwise



Intuitively we are adding all cones cones of morphisms of cones etc
Def Let T be a triangulated category A deg enhancement is a pair T E where
T is a pretriangulated dogcategory and E HTT T is a triangulated equivalence We
say two enhancements T and J ane equivalent if there is a dyfunctor T
inducing an equivalence HTT I HTT They are strongly equivalent if can be chosen
so that e'o1144 E

While the definition is fine we have yet to construct an example One may hope that
the quotient construction of Verdier lifts to the dy world and in fact it does It is
known as the Drinfeld quotient on dyquotient

Let A a B be a full dgsab.cat of a dycat First we take a homotopically kflat
resolution B B This is a quasiequivalence B B and B is a dycategory whose
morphism complexes are homotopically kflat i.e for all acyclic dykmodules M the complex
Homing x A um recallthat M is just a chaincomplex In our case we can use
cofibrant replacement Beef B

Now form a new category by adding for each aeteBe a morphism ca a a in degree
L and declare dca Ida This contracts every object in t and we call the resulting
category Blt In Hgecas we even get a localization functor B Blt
Now on any quasicompact and separated scheme X we define a degenhancement of DCQ.mx
by the dyquotient DCQcohxi CGCQ.hnAcdgCo.coux It's not hard to see thatHYDCO.com
is equivalent to DCacoux Recall that an object c in a triangulated category T is called compact

if Han C 1 commutes with arbitrary direct sums It has been shown thatthe triangulated
subcategory of perfect objects in DCQcohx is PerfX and so all of this gives a dog
enhancement of PerfX denotedPerfayX

PerfdyX is really the right category to work withformanyreasons For one it is one of
thecases where we actually have a uniqueness result

Theorem huntsOrlov If X is quasiprojective over a field then PerfX and DKcohX have
unique enhancements If is projective they are strongly unique
This has been extended this to DCG where G is any Grothendieck category and in some situations
also to the compact objects Dca See Canonaco stellani

Notethat apriori there is little reason to think a triangulated category has an enhancement or
even if it's unique For example Spectra has no dyenhancement and there are rings
quasiFrobenius set Mod R has nonunique enhancements

Already this should be enough to convince you that Hqeck might not be the best
category since we have nonunique enhancement in some geometric or algebraic context So
what we should do is learn how to get a category in which they are unique
when they exist What we could do is work with a notion of pretriangulated
equivalence but we actually for reasons later on want something stronger



Morita equivalence
Let b and B be two dycategories and X a rightto B bimodal dgAMB module This
is a functor X An B Gym and hence is the datum of complexes XCB.tt AEABeBe
andfor each deg Bmodule right M we have a functor

G CCB CCA M Hom Xm A Hom x A Mcagers cagers

and this has a left adjoint FLL LEX Now using the model structures on the
categories of modules we can define

L F L F hoof and RG M GCMb

Now if I b B is a dyfunctor then we can get an A BPmodule by
setting X B A HunaynCBICAN is a dybimodule Wethen get a functor
LF D DCB

Def A dyfunctorOI S B is said to be a Morita equivalence if LF DCA DCB is
an equivalence

Note every quasiequivalence is a monitor equivalence and so is the morphism
A pretrCA

Thm Taboada dgeatlk admits a cofibuently generated model structure where weak equivalences
am Morita equivalences and calibrations are the same as in Hqecu The fibrant
objects are the dycategories whose Yoneda embedding H A DAY is an equivalence

we write Hmock for the resulting localization Note that Hindus can be obtained
from Hge k by left Bousfield localization and is a pointed category with zero object
91 oneobject one morphisms


